Abstract. The possible dimensions of spaces of matrices over GF(2) whose nonzero elements all have rank 2 are investigated.
The structure of rank-k spaces has been studied lately by not only matrix theorists but group theorists and algebraic geometers; see 4] , 5], 6]. In 3], 7], it was shown that the dimension of a rank-k space is at most n + m ? 2k + 1, and in 1] that the dimension of a rank-k space is at most max(k + 1; n ? k + 1), when the eld is algebraically closed.
In 2] it was shown that, if jFj n + 1 and n 2k ? 1, then the dimension of a rank-k space is at most n. Thus, if k = 2 and F is not the eld of two elements, we know that the dimension of a rank-2 space is at most n. In 2] it was also shown that if n = qk + r, with 0 r < k then if F has an extension of degree k and one of degree k + r, then there is a rank-k space of dimension n. Thus, for k = 2, the only case left to investigate is when jFj = 2.
In this paper we shall show that if m = n = 3 there is a rank-2 space of dimension n + 1 over the eld of two elements and that if n 4 the dimension of a rank-2 space is at most n.
Further, is easily shown that for any eld, the dimension of a rank-m space is at most n. Thus, henceforth, we assume that k = 2, 3 m n and that F = Z 2 , the eld of two elements. It is easily checked that this is a 4 dimensional rank-2 subspace of M 3 (Z 2 ).
It follows that for n = 3, n is not an upper bound on the dimension of a rank-2 space.
We let I k denote the identity matrix of order k k, O k;l the zero matrix of order k l, and O k denotes O k;k . When the order is obvious from the context, we omit ELA By considering B(x; y) 1; 2; rj1; 2; 3] as above, we get that a r1 = 0 for all r. Similarly, B(x; y) 1; 2; rj1; 2; 4] must have zero determinant for all r 3. Thus, a r4 x+a 22 a r4 x+a 24 a r2 x+a r2 xy = 0. If x = 1 and y = 0 we get a r4 +a 22 a r4 +a 24 a r2 = 0 and hence a r2 xy = 0 for all x; y. Thus, a r2 = 0 for all r 3. Now, B(x; y) 1; 2; rj1; 3; 4] must also have zero determinant. That is, a 23 a r4 x + a 24 a 43 x + a 21 a r4 y + a r3 xy = 0. As above we get that a r3 = 0 for all r 3.
Since B(x; y) 1; 2; rj2; 3; s] must have zero determinant for r; s 3, we get a 22 a rs y + a rs xy = 0 for all x; y. As above, we get that a rs = 0 for r; s 3.
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The above contradicts that A has rank 2 since A has only one nonzero row. Thus, there is no matrix C 2 K of the form C = O 2 We have thus obtained a contradiction in each case, and hence our supposition that dim K > n is false, and the theorem is proved.
Corollary 3. Over any eld F, for m; n 3, the dimension of any rank-2 subspace of M m;n (F ) is at most n, except when m = n = 3 and F = Z 2 , in which case, the dimension is at most 4.
Proof. By the above theorem and comments, unless m = n = 3 and F = Z 2 , the dimension of any rank-2 space is at most n. If K is a rank-2 subspace of M 3 (Z 2 ), de ne K + = f A0]jA 2 Kg. Then K + is a rank-2 subspace of M 3;4 (Z 2 ) and hence the dimension is at most 4. Clearly K and K + are isomorphic so that the dimension of K is at most 4 also.
Another example of a 4 dimensional rank-2 subspace of M 3 (Z 2 ) which is not equivalent to the one in Example 1 is given below. It is easily checked that this is a 4 dimensional rank-2 subspace of M 3 (Z 2 ).
Conjecture 5. Over any eld, F, the dimension of a rank-k subspace of M m;n (F ) is at most n unless m = n = 3, k = 2 and F = Z 2 .
